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Usually, the emission of low-energy photons in electron-positron (or electron-ion) bunch collisions
is calculated with the same approach as for synchrotron radiation (beamstrahlung). However, for soft
photons (Eγ < Ec where Ec is a critical photon energy), when the coherence length of the radiation
becomes comparable to the bunch length, the beamstrahlung approximation becomes invalid. In
this paper, we present results of our calculation for this region based on approximation of classical
currents. We consider several colliders with dense bunches. The number of low-energy photons dNγ
emitted by Ne electrons per bunch crossing in the energy interval dEγ is dNγ = αgNe dEγ/Eγ ,
where α is the fine-structure constant, and the function g, which depends on the bunch parameters,
typically is of order unity for modern colliders. In particular, for the International Linear Collider
(ILC), we find that Ec = 83 keV and g = 5.5 at a vanishing beam axis displacement, and g = 0.88,
Ec = 0.24 keV for KEKB. We also calculate the specific dependence of dNγ on the impact parameter
between the two beam axes. In principle, the latter aspect allows for online monitoring of the beam
axis displacement.
PACS numbers: 25.75.-q; 25.75.Dw
I. INTRODUCTION
The importance of electromagnetic processes during
bunch collisions at colliders is well appreciated. Indeed,
photons emitted in the collision of dense bunches con-
sisting of electron or positrons are a source for a num-
ber of problems related to energy losses and background.
In particular, at the International Linear Collider (ILC),
we have to know the spectrum of photons down to an
energy of about 1 eV because such photons can pro-
duce high-energy photons after Compton scattering. As
shown here, for photon energies below about 100 keV, the
usual beamstrahlung treatment of photoemission breaks
down because the coherence length becomes comparable
to the bunch length. A treatment based on classical cur-
rents is used here in order to describe the long-coherence-
length limit of bremsstrahlung, where the electrons inter-
act with the collective field of the incoming positron (or
ion) bunch.
In addition to a calculation of the spectrum of low en-
ergy photons, we find a specific dependence of the photon
rate on the impact parameters between the two bunch
axes, namely, we find that the number of emitted pho-
tons exhibits a maximum at a non-vanishing beam axis
displacement, even though the luminosity is a monoton-
ically decreasing function of the shift of the beam axes.
This anomaly finds a natural explanation in a classical
treatment.
Here, in addition to the ILC, we consider several col-
liders which have dense bunches of particles: the existing
e+e− storage rings KEKB, BEPC, VEPP-2000 and the
∗Electronic address: serbo@math.nsc.ru
currently envisaged e-Au and e-p beam collision options
at the RHIC collider (collider parameters as taken from
Refs. [1, 2, 3] are listed in Table I).
For definiteness, we start with the ILC collider. An
important process at this collider is the emission of low-
energy photons by electrons in the collective electro-
magnetic field of a positron bunch (see, for example,
Ref. [4]). Certainly, in this case the emission of pho-
tons by positrons is of course equally important, but we
here restrict our attention to the emission of photons by
the electrons. These photons with an energy Eγ down to
1 eV may lead to Compton scattering with particles of the
incoming bunch, resulting in the production of photons
with the energy Eγ ∼ 100 GeV via the Compton process.
The corresponding Compton cross section is quite large,
of the order of 10−25 cm2. Thus, the calculation of the
low-energy photon rate is important.
Usually, the emission of photons at linear colliders is
calculated using the same approach as for synchrotron
radiation. In this case, the emission is called beam-
strahlung (see Ref. [5]). This approximation is good for
photons in an energy range from a few MeV to several
tens of GeV. However, at a smaller photon energy,
Eγ < Ec ∼ 100 keV , (1)
this approximation is invalid. Let us discuss this problem
in more detail.
The electric E and magnetic B fields of the positron
bunch are approximately equal in magnitude (see also
Table I for numerical data),
|E| ≈ |B| ∼ eNp
(σx + σy)σz
. (2)
These fields are transverse, and they deflect the electron
into the same direction. In such fields, the electron moves
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2TABLE I: Parameters of the discussed colliders. We use the following notations: Ee
(Ep) and Ne (Np) are the energy and the number of particles in the electron bunch
(subscript e) and the positively charged bunch (subscript p, positrons or ions). We
denote by σz the longitudinal, and by σx and σy the horizontal and vertical transverse
sizes of the bunch.
Collider Ee/Ep (GeV) Ne/Np (10
10) σz (cm) σx (µm) σy (µm)
ILC e−/e+ 250/250 2/2 0.3 0.64 0.0057
KEKB e−/e+ 8/3.5 6/8 0.65 110 2.4
BEPC e−/e+ 2/2 13/13 5 890 37
VEPP-2000 e−/e+ 1/1 16/16 4 125 125
eRHIC e/Au 10/100A 10/0.1 20 50 50
eRHIC e/p 10/250 10/10 10 40 40
TABLE II: Characteristics of low-energy photon emission for
the discussed colliders. The beam aspect ratio ε is defined in
Eq. (20) below.
Collider η Ec (keV) g(η, ε)
ILC 87 83 5.5
KEKB 2.0 6.0 0.88
BEPC 0.61 0.24 0.16
VEPP-2000 1.8 0.018 0.78
eRHIC e/Au 2.7 4.0 1.2
eRHIC e/p 3.3 2.8 1.4
around a circumference of radius ρ ∼ γeme c2/(eB) in
the sense of a relativistic “cyclotron” motion, where γe =
Ee/(me c2) is the Lorentz factor. The electron gets a
deflection angle θe ∼ σz/ρ or
θe ∼ η
γe
, (3)
where the important parameter
η =
reNp
σx + σy
(4)
is introduced. Here, re = e2/(mec2) is the classical elec-
tron radius. The dimensionless parameter η measures
the “thickness” of the positron bunch with respect to the
bending effect for the classical electron trajectory. In the
case of a collision of electrons with ions of charge number
Z, the parameter η acquires an additional factor to read
η =
Z reNp
σx + σy
. (5)
Let us consider the emission of photons with small
energy Eγ in an angular interval up to θe. It is well
known (see Ref. [6], § 93) that the corresponding coher-
ence length is of the order of
lcoh(Eγ) ∼ ~c(1− ve cos θe/c)Eγ , (6)
where ve is the velocity of the electron. Taking
into account that the electron Lorentz factor γe =
1/
√
1− (ve/c)2  1 and that θe  1, we obtain
lcoh(Eγ) ∼ 2γ
2
e
1 + γ2e θ2e
~c
Eγ
. (7)
The critical photon energy Ec corresponds to the case
when the coherence length is of the order of half the
positron bunch length,
lcoh(Ec) ∼ 12 σz , (8)
which leads to
Ec =
4γ2e
1 + η2
~c
σz
. (9)
When the coherence length is even larger than the
positron bunch length, then the beamstrahlung treat-
ment becomes invalid, and the spectrum of emitted pho-
tons is determined by coherent radiation from the elec-
tron trajectory in the whole incoming bunch. By con-
trast, the beamstrahlung approach is valid when the
coherence length is small in comparison to the bunch
length.
If the parameter η is small, η  1, the number of pho-
tons dNγ emitted per one bunch crossing is proportional
to the number of electrons and to the square of the num-
ber of positrons:
dNγ ∝ NeNp2 dEγ
Eγ
. (10)
In some respects, the radiation in this case is simi-
lar to ordinary bremsstrahlung, therefore we call it co-
herent bremsstrahlung (CBS). It differs substantially
3from beamstrahlung. CBS was considered in detail in
Refs. [7, 8, 9, 10, 11, 12].
However, for all the discussed colliders, the parameter
η & 1 (see Table II). In particular, for the ILC collider
the parameter η is indeed large,
η = 87 , (11)
and the critical energy is
Ec = 83 keV . (12)
Therefore, at a photon energy Eγ < Ec, one cannot
use the formulae related to beamstrahlung or CBS. In
Ref. [13], it has been pointed out that an adequate ap-
proach to the calculation of photoemission in this energy
range can be based on classical currents. It means that
one can use results for the classical low-frequency emis-
sion taking into account that the electron deflection angle
θe for this process typically is large in comparison with
1/γe, but small in comparison with unity:
1
γe
. θe ∼ η
γe
 1 (13)
(see Appendix A for details).
For definiteness, we consider the emission of photons
by electrons and assume that the electron and positron
bunches perform a head-on collision along the z-axis. We
also assume that the transverse distribution of the par-
ticles in the positron bunch does not change during the
collision (therefore, the impact parameter of the parti-
cles in the bunch, here denoted as %, does not change
either). In numerical calculations, we assume that the
bunches in the interaction region have a Gaussian par-
ticle distribution with a transverse density ni(%) of the
form
ni(%) =
∫ +∞
−∞
ni(%, z) dz
=
Ni
2piσxσy
exp
[
− %
2
x
2σ2x
− %
2
y
2σ2y
]
, (14)
with i = e, p. This implies that we neglect potential
angular dispersion in the beams and the pinch effect.
Our paper is organized as follows. In Sec. II, we calcu-
late the spectrum of low-energy photons and in Sec. III,
we consider the dependence of the photon rate on beam
axis displacement. Finally, some conclusions are drawn
in Sec. IV. Throughout the text, we use Gaussian units
with the fine-structure constant α = e2/(~c) ≈ 1/137.
II. SPECTRUM OF LOW-ENERGY PHOTONS
In this section we consider beams at zero displacement
of the beam axes R = |R| = 0. In that setting, let an
electron with the relative impact parameter % with re-
spect to the beam axis deflect in the electromagnetic field
of the positron bunch at an angle θe given by Eq. (13)
and acquire a transverse momentum p⊥. The probabil-
ity of emitting a low-energy photon dw depends on the
dimensionless vector parameter
ξ(%) =
p⊥
2me c
= − re
∫
%− %′
(%− %′)2 np(%
′) d2%′ (15)
and is equal to (see Appendix A)
dw = αG(ξ)
dEγ
Eγ
, (16)
where ξ ≡ |ξ(%)|, and the function G(ξ) is given by
G(ξ) =
2
pi
[
2 ξ2 + 1
ξ
√
ξ2 + 1
ln
(
ξ +
√
ξ2 + 1
)
− 1
]
. (17)
The number of low-energy photons, produced by the
electron bunch, is obtained by an integration over the dis-
tribution of particles in the electron bunch. As a result,
we find a simple expression,
dNγ = α gNe
dEγ
Eγ
, (18)
where all nontrivial information about the bunches is ac-
cumulated in the function
g = 〈G(ξ)〉 =
∫
G(ξ)
ne(%)
Ne
d2% . (19)
For identical Gaussian beams and R = 0, the function g
only depends on the dimensionless parameter η, defined
in Eq. (4), and the beam aspect ratio
ε =
σy
σx
≤ 1 , (20)
i.e.
g = g(η, ε) . (21)
Calculated values of g(η, ε) are given in Table II for var-
ious colliders. Details of the calculation can be found in
Appendix B.
For round beams, σx = σy, the dependence of g on η is
shown on Fig. 1. We checked by numerical calculations
that the dependence of this function on the aspect ratio
ε is very weak: when ε varies from 1 to 0.01, the function
g(η, ε) changes only by less than one percent for 1 < η <
100, which is the relevant parameter range for all colliders
listed in Table II. It means that Fig. 1 gives a very good
approximation to the dependence of g on η not only for
round but for flat beams as well.
For small parameters η  1, the g function varies
quadratically with the number of particles in the positron
bunch [see Eq. (B16) in Appendix B],
g(η, ε) =
8
3pi
〈ξ2〉 ≈ 0.5 η2 ∝ N2p . (22)
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FIG. 1: (Color online) The function g(η, ε = 1) for round
identical beams.
The region where the above quadratic approximation is
valid is confined to the region η . 1 and thus not vi-
sually discernible in Fig. 1. This result is fully consis-
tent with that obtained in the CBS approximation of
Refs. [7, 8, 9, 10, 11], because in the limit η → 0, mainly
small deflection angles contribute to the coherent process,
and thus the CBS approximation remains valid, includ-
ing prefactors. For large parameters η  1, by contrast,
a logarithmic dependence on η is found [see Eq. (B19a)
in Appendix B],
g(η, ε) ≈ 2
pi
[〈ln (4ξ2)〉 − 1] ≈ 2
pi
[
ln(η2)− 0.34] . (23)
In this case, in view of Eq. (4), the dependence on Np for
large Np is also logarithmic and thus much weaker than
previously,
g(η, ε) ∝ ln (N2p ) . (24)
In that sense, the coherent effects should be less pro-
nounced for the ILC as compared to KEKB.
In particular, we have calculated that for ILC (see Ta-
ble II) g = 5.5. Let us compare this result with the
corresponding one in the beamstrahlung case. A rough
estimation of the beamstrahlung rate can be performed
using known formulae for synchrotron radiation (SR). A
single electron, moving through a uniform external mag-
netic field Bext, emits dnSRγ photons in the time interval
∆t (see Sec. 14.6 of Ref. [14]):
dnSRγ =
dI
Eγ
∆t
=
4
9
αF
(
Eγ/E
SR
c
) dEγ
Eγ
eBext
me c
∆t . (25)
Here, dI is the classical synchrotron radiation intensity,
and ESRc is the critical synchrotron energy
ESRc =
3
2
γ2e
(
~
me c
)
eBext . (26)
The normalized function F (y) is defined as an integral
over the modified Bessel function K5/3(x),
F (y) =
9
√
3
8pi
y
∫ ∞
y
K5/3(x) dx
≈ 1.33 y1/3 for y  1 . (27)
To estimate the number of low-energy photons pro-
duced by the electron bunch moving through the positron
bunch, we use the mean value of the critical beam-
strahlung energy (see Ref. [5]),
EBSc =
5
4
γ2e
(
~
mec
)(
e2Np
σz (σx + σy)
)
=
5
16
η (1 + η2)Ec . (28)
Here, we have used the relations (2) and (9), and the
flight time through the beam ∆t ∼ σz/c. As a result,
we obtain an estimate for the number of beamstrahlung
photons emitted per bunch collision,
dNBSγ ≈ αη
(
Eγ
EBSc
)1/3
Ne
dEγ
Eγ
≈ 1.5α
(
Eγ
Ec
)1/3
Ne
dEγ
Eγ
(29)
with EBSc = 18 GeV for ILC, which is much higher than
the entry Ec = 83 keV from Table II. The power-law
behavior of the results is clearly visible on a logarithmic
scale as plotted in Fig. 2. We have compared our ap-
proximate, analytic results for beamstrahlung to those
of elaborate Monte–Carlo simulations of V. Telnov [15],
designed for the modeling of linear colliders, and we may
state here that reassuringly, we have found good agree-
ment on level of 10–20 percent.
For a photon energy less than Ec = 83 keV, the ratio
dNBSγ /dNγ from Eq. (29) and Eq. (18) is considerable
less then unity (see Fig. 2), because of the smallness of
the factor 1.5 (Eγ/Ec)1/3 as compared with g = 5.5.
We would also like to remark that the results in
Eq. (29) have the “wrong” low-energy asymptotics (the
number of radiated photons is finite in the infrared limit),
whereas the classical-current result (18) restores the well-
known infrared “catastrophe,” as it should.
III. BEAM AXIS DISPLACEMENT
Let us now consider the case, when the electron bunch
axis is shifted by a distance R = (Rx, Ry) with respect
to the positron bunch axis. In this case, the transverse
density of the electron bunch has the form
ne(%) =
Ne
2piσxσy
(30)
× exp
[
− (%x −Rx)
2
2σ2x
− (%y −Ry)
2
2σ2y
]
.
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FIG. 2: (Color online) Spectrum of photons at the ILC
collider, produced by one electron, in the approximation of
classical currents [upper curve according to Eq. (18)] and in
the beamstrahlung approximation [lower curve according to
Eq. (29)]. In the photon energy domains where the approxi-
mations are justified, the curves are drawn as solid lines. In
those photon energy regions where the approximations are
not applicable, the curves are drawn as dashed lines.
The luminosity of the beams is determined by the ex-
pression
L(R) = ν
∫
ne(%)np(%) d2% , (31)
where ν is the collision rate. For identical Gaussian
beams, the luminosity reads
L(R) = L(0) exp
(
− R
2
x
4σ2x
− R
2
y
4σ2y
)
, (32a)
L(0) = ν
NeNp
4piσxσy
. (32b)
Here, L(0) is the luminosity without displacement. The
important scaling function g was defined in Eq. (18) and
was found to depend, for R = 0 (see Sec. II), on η and
only slightly on the beam aspect ratio ε [see Eq. (20)].
Now, g becomes a function of two more variables, namely
the beam axis displacement in the x and in the y direc-
tion, to read
g = g(η, ε,Rx, Ry) . (33)
As discussed below, the dependence on ε may be quite
important for non-vanishing values of R, in contrast to
the case R = 0.
From Eq. (32a) we clearly see the following. If the
electron bunch axis is shifted by a distance R, the lumi-
nosity decreases very quickly (exponentially). This en-
tails a corresponding decrease in the number of events for
ordinary reactions since this number is directly propor-
tional to the luminosity. However, the emission of pho-
tons (and especially low-energy photons!) is an extraor-
dinary reaction in that sense. The long-range Coulomb
fields may result in a more complicated relation between
rate of photons and the luminosity, namely, the rate of
photons can decrease more slowly than the luminosity
or even increase with R in a certain range. This phe-
nomenon has been studied experimentally for ordinary
incoherent bremsstrahlung at the VEPP-4 collider [16]
and for beamstrahlung at the SLC collider [17]. A de-
tailed theoretical treatment of this effect for CBS was
given in Refs. [7, 8, 9, 10, 11]. Therefore, in our case we
also expect an unusual behavior of the photon rate as a
function of the beam axis displacements.
A. Flat beams: the ILC and KEKB colliders
The electron and positron beams at the ILC and
KEKB colliders are flat, with their vertical sizes much
smaller than the horizontal ones (see also Table I),
σy ∼ σx100 . (34)
We have calculated the photon rate at these colliders and
find a different behavior as a function of the vertical and
horizontal displacements of the beam axes (see Fig. 3 and
Fig. 4, respectively).
If the electron bunch axis is shifted in the vertical direc-
tion by a distance Ry, the luminosity (and the number of
events for ordinary reactions) decreases very quickly [see
Eq. (32a)]:
L(R) = L(0) exp
(
− R
2
y
4σ2y
)
. (35)
On the contrary, in the case of a vertical displacement,
the number of low-energy photons increases by about 9
% at Ry = 4σy for the ILC collider and by 40 % at
Ry = 3.5σy for the KEKB collider. After that, the rate
of photons decreases, but even at Ry = 20σy it is still
larger than at Ry = 0 for the ILC and for KEKB (by 7 %
and 15 %, respectively). The corresponding curves are
presented in Fig. 3. If the electron bunch axis is shifted
in the horizontal direction by a distance Rx, the photon
rate decreases, but more slowly as compared to the ex-
ponential decrease of the luminosity. The corresponding
curves are presented in Fig. 4.
B. Round beams: the VEPP-2000 collider
Now, we consider the case of round beams with σx =
σy ≡ σ⊥ using the VEPP-2000 as an example. If the
electron bunch axis is displaced by a distance R from the
positron bunch axis, the luminosity decreases quickly for
round Gaussian beams,
L(R) = L(0) exp
(
− R
2
4σ2⊥
)
. (36)
By contrast, the number of low-energy photons increases
by about 5 % at R = 1.4σ⊥ . After that, the rate of pho-
tons decreases, but rather slowly. Thus, at R = 4σ⊥ the
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FIG. 3: (Color online) Relative magnitude of luminosity and
rate of emitted photons as a function of the vertical beam
axis displacement Ry, for the ILC and KEKB colliders. The
two upper curves display the normalized photon emission rate
dNγ(R)/dNγ(0) = g(η, ε, Rx = 0, Ry)/g(η, ε, 0, 0) for KEKB
and ILC; the lower curve shows the normalized luminosity
L(Ry)/L(0).
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FIG. 4: (Color online) The same as in Fig. 3, but for the
horizontal beam axis displacement Rx. The unlabeled curve
displays the relative luminosity L(Rx)/L(0) and has the same
form as the corresponding curve for L(Ry)/L(0) in Fig. 3.
rate of photons drops by a factor 1/2, while the luminos-
ity decreases by a factor 1/55. The corresponding curves
are presented in Fig. 5. It should be noted that curves
for the e-Au and e-p mode at the eRHIC collider have ap-
proximately the same forms as that for the VEPP-2000
collider displayed in Fig. 5.
C. Three-dimensional plots
Round beams (VEPP-2000) imply rotational symme-
try for the functional dependence of g(η, ε,Rx, Ry) on
the beam axis displacement, and g becomes a function
of η, ε and R =
√
R2x +R2y. For flat beams discussed
in Sec. III A, the situation is more complicated, and in
Figs. 3 and 4, the dependence of g on Ry for Rx = 0
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FIG. 5: (Color online) Relative magnitude of the luminosity
and rate of emitted photons as a function of the beam axis
displacement R =
p
R2x +R2y, for the VEPP-2000 collider.
The upper curve displays the normalized photon emission rate
dNγ(R)/dNγ(0) = g(η, ε = 1, Rx, Ry)/g(η, ε = 1, 0, 0) ; the
lower curve shows the normalized luminosity L(R)/L(0).
and on Rx for Ry = 0 is investigated. It is instructive to
generalize the treatment and to investigate g as a func-
tion of the two variables Rx and Ry, as done in Figs. 6
and 7, and to gradually enhance the ranges of the beam
axis displacement variables Rx and Ry. For flat beams
(we recall σy  σx), the electric fields in the y direction,
for relatively small y, are similar to the uniform fields
generated by charged plates, and this affords a rough
explanation for the relatively slow decrease of the func-
tion g(η, ε,Rx ≈ 0, Ry) as a function of Ry. However,
when Ry becomes so large that the charged plates effec-
tively shrink to a one-dimensional wire-like structure on
the scale of the beam axis displacement, there is a rather
sudden decrease of g(η, ε,Rx ≈ 0, Ry) as a function of Ry
(see the lower graph in Fig. 6). The lower graph in Fig. 7
for KEKB parameters shows an analogous phenomenon,
which however is not as clearly discerned as for the ILC,
mainly because the ILC beams are even “flatter” than
those for KEKB, as is evident from the entries of Ta-
ble I.
D. Interpretation of the anomalous behavior of a
photon rate
The peculiar existence of a maximum in the photon
emission probability at non-vanishing beam axis displace-
ment,which we found for both round and flat beams, can
be explained as follows. Let us discuss flat beams with
σy  σx, for definiteness. At Rx = Ry = 0, a consider-
able portion of the electrons moves in the region of small
impact parameters where the electric and magnetic fields
of the positron bunch are small. For the vertical displace-
ment Ry in the range of σ2y  R2y  σ2x, the electrons fly
through a stronger electromagnetic field of the positron
bunch, and therefore, the number of emitted photons in-
7(a) (b)
FIG. 6: (Color online) For the ILC, we plot the function g(η, ε, Rx, Ry) as a function of the beams axis displacement (Rx, Ry).
In panel (a), the region of relatively small beam axis displacement Rx/σx and Ry/σy is investigated. Panel (a) thus is a three-
dimensional generalization of the curves labeled “ILC” in Figs. 5 and 6. Panel (b) shows the general behavior for g(η, ε, Rx, Ry)
for ILC parameters, covering a larger parameter range for the beam axis displacements Rx/σx and Ry/σy.
(a) (b)
FIG. 7: (Color online) For KEKB parameters, the function g(η, ε, Rx, Ry) is plotted as a function of Rx and Ry. Panel (a)
shows the region of relatively small beam axis displacement Rx/σx and Ry/σy and is a three-dimensional generalization of
the curves labeled “KEKB” in Figs. 5 and 6. The sharp “dip” near x = 0 and y = 0 is clearly discernible. Panel (b) is an
amplificiation of the upper one; it shows the general behavior for g(η, ε, Rx, Ry) for KEKB parameters, for larger beam axis
displacements Rx/σx and Ry/σy.
creases. At larger Ry (for σ2x  R2y  σ2z), the fields of
the positron bunch are |E| ≈ |B| ∝ |1/Ry|, which leads
to dNγ ∝ 1/R2y. In that region, the number of emitted
photons decreases, but only polynomially as compared
to the exponential drop of the luminosity. By contrast,
when shifting the electron bunch axis for flat beams in the
horizontal direction, the positron bunch fields as seen by
the electrons immediately become weaker, and the pho-
ton rate slowly decreases.
IV. SUMMARY
We have considered the emission of radiation in the
collisions of an electron bunch with a dense positron (or
ion) bunch at modern colliders, with relevant parameters
given in Table I. In this case, the electron deflection an-
gle is of the order of η/γe with the parameter η being
not small. For the ILC collider, we have η = 87  1,
and there are three different regimes of photon emission
determined by two critical photon energies EBSc and Ec
given in Eqs. (28) and (9), respectively. For large photon
energies, Eγ  EBSc , the emission of photons is an inco-
herent process described by the corresponding Feynman
diagrams for binary collisions. For smaller photon en-
8ergies, coherent phenomena become important, and the
electrons interact with the collective electromagnetic field
of the incoming bunch.
In the photon energy range Ec  Eγ . EBSc , the emis-
sion of photons is described by the beamstrahlung ap-
proximation similar to the usual synchrotron radiation.
In this case, the electron coherence length is small as
compared to the length of the incoming bunch. For even
smaller photon energies, Eγ < Ec, the coherence length
over which the electron has to travel in order to accom-
modate for the formation length, becomes comparable
with the bunch length σz or even larger, and therefore,
one has to use yet a different approximation based on
classical currents, as detailed in the current paper.
The classical-current process dominates over the beam-
strahlung emission in the range of small photon energies,
as evident from Fig. 2, and there is a characteristic max-
imum in its dependence on the beam axis displacement,
as evident from Figs. 3 and 5. An explanation for the
latter observation is provided in Sec. III D. The existence
of the maximum could even be used for a fast “online”
control of the beam axis displacement.
Let us conclude this paper by listing a few concrete
numbers. For the ILC collider, the critical energy, be-
low which the large-coherence-length approach should be
used, lies at Ec ≈ 83 keV, and the number of photons
emitted per Ne electrons per bunch crossing is
dNγ ≈ 5.5αNe dEγ
Eγ
. (37)
In general, our study highlights the need for an accu-
rate understanding of electromagnetic processes at the
discussed colliders (Tables I and II); these which may be
sources of a number of problems related to energy losses
and background.
In principle, the low-energy photons discussed here
could also be used in order to directly monitor the bunch
sizes at their interaction points. At least, one such possi-
bility is pointed out in an experiment which has already
been successfully performed at the SLC collider [17] with
an electron energy of about 50 GeV. In this experiment,
a transverse size of the electron bunch of the order of
10 µm was measured just by detecting photons of rela-
tively small energy.
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APPENDIX A: APPROXIMATION OF
CLASSICAL CURRENTS
We attempt to reproduce the main result of Ref. [13] by
a different (shorter) proof. The case under consideration
in Ref. [13] is the head-on collision of one electron with
the ion bunch. In the approximation of classical currents,
one can calculate the number of photons produced by
this electron just by using the classical expression for the
radiated energy dE divided by the photon energy Eγ and
relate this to the probability of emitting a photon dw
(see [6], § 98),
dw =
dE
Eγ
= αG(ξ)
dEγ
Eγ
, (A1)
where the function G(ξ) given in Eq. (17) has the follow-
ing asymptotic behaviour,
G(ξ) =

8
3pi
(
ξ2 − 3
5
ξ4
)
at ξ2  1 ,
2
pi
[
ln
(
4ξ2
)− 1] at ξ2  1 . (A2)
The dimensionless parameter
ξ =
|p|
mec
sin
(
θe
2
)
=
|p⊥|
2mec
(A3)
is expressed via the transverse momentum p⊥ acquired
by electron during the collision. If an electron with the
impact parameter %moves in the field of one nucleus with
the charge Ze, it gets the transverse momentum (see [18],
problem 2 in § 39)
p⊥ = −2Ze
2
c
%
%2
. (A4)
Therefore, the parameter ξ for the collision of one elec-
tron with the ion bunch is
ξ(%) =
p⊥
2mec
= −Z re
∫
%− %′
(%− %′)2 np(%
′) d2%′ , (A5)
where np(%) is the transverse density of the ion bunch.
Finally, we would like to mention that in the paper [13],
there are misprints in formulae corresponding to those
given here in Eqs. (A4) and (A5).
APPENDIX B: CASE OF GAUSSIAN BEAMS
1. General case
We start with the calculation of ξx(%) from Eq. (A5),
using the following integral representation:
%x − %′x
(%− %′)2 = −
1
2
∫ 1
0
du
u(1− u) (B1)
× ∂
∂%x
exp
[
− u
1− u
(%− %′)2
2σ2x
]
.
9Under the above transformation, the integrals over %′x
and %′y for the Gaussian beam (14) become of the Gaus-
sian type: ∫ ∞
−∞
e−at
2+2btdt =
√
pi
a
eb
2/a . (B2)
Indeed, if we introduce new, scaled variables,
x =
%x√
2σx
, x′ =
%′x√
2σx
, y =
%y√
2σy
, y′ =
%′y√
2σy
,
(B3)
then the quantity ξx(%) takes the form:
ξx(x, y) =
NpZre
2
√
2piσx
×
∫ 1
0
du
u (1− u)
∂
∂x
∫ ∞
−∞
dx′
∫ ∞
−∞
dy′ e−Φ , (B4)
where
Φ = axx′2 − 2bxx′ + cx + ayy′2 − 2byy′ + cy ,
ax =
1
1− u, bx =
ux
1− u , cx =
ux2
1− u , (B5)
ay =
1− (1− ε2)u
1− u , by =
uε2y
1− u , cy =
uε2y2
1− u .
and the beam aspect ratio ε is given in Eq. (20). Using
Eq. (B2) we immediately obtain
ξx(x, y) = −η (1 + ε)√
2
x
∫ 1
0
e−A
du√
1− (1− ε2)u , (B6)
where
A = ux2 +
uε2
1− (1− ε2)u y
2 . (B7)
and
η =
NpZre
σx + σy
, ε =
σy
σx
. (B8)
The quantity ξy(%) can be obtain from this expression by
simple replacements,
%x ↔ %y , σx ↔ σy , (B9)
or x↔ y, ε→ 1/ε and reads
ξy(x, y) = − η (1 + ε)√
2
y
∫ 1
0
e−B
dv√
1− (1− ε2)v ,
B = (1− v)y2 + 1− v
1− (1− ε2)v x
2 (B10)
(with the substitution u = 1− v).
Now, using the expressions (B6), (B10) and Eqs. (19),
(30), we obtain for identical Gaussian beams the impor-
tant function
g(η, ε,Rx, Ry) =
1
pi
∞∫
−∞
dx
∞∫
−∞
dy
G(ξ(x, y))
e(x−X)2+(y−Y )2
,
(B11)
where
X =
Rx√
2σx
, Y =
Ry√
2σy
. (B12)
This equation is used in the current study for numerical
calculations.
2. Round beams
For round identical beams, we have σx = σy ≡ σ⊥,
and the parameter η becomes
η =
ZreNp
2σ⊥
. (B13)
Some formulae are thus simplified. The integral in
Eq. (A5) can be easily calculated,
ξ =
√
ξ2x + ξ2y =
√
2 η√
x2 + y2
(
1− e−x2−y2
)
,√
x2 + y2 =
%√
2σ⊥
, (B14)
and the function g becomes equal to
g =
∫ ∞
0
G(ξ(%)) exp
(
−R
2 + %2
2σ2⊥
)
× I0
(
%R
σ2⊥
)
% d%
σ2⊥
, (B15)
where I0(x) is the modified Bessel function of the first
kind. At R/σ⊥  η, this function is
g =
32
3pi
η2
(σ⊥
R
)2
(B16)
in accordance with the CBS result of Refs. [7, 8, 9, 10, 11].
The behavior of g as a function of η at R = 0 is the fol-
lowing. At small values of η, the function g(η) ≡ g(η, ε =
1, Rx = 0, Ry = 0) is
g(η) = a η2 − b η4 , η2  1 , (B17)
where
a =
16
3pi
ln
(
4
3
)
= 0.4884 , (B18)
b =
32
5pi
(5 ln 5 + 18 ln 3− 40 ln 2) = 0.1962 .
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The coefficient a coincides with that in CBS, and the
ratio a/b = 0.4018 indicates the range of applicability of
the CBS approach. At large values of η,
g(η) =
2
pi
(
ln η2 − c) , η2  1 , (B19a)
c = 3− γE − 3 ln 2 = 0.3433, (B19b)
and γE = 0.5772 . . . is Euler’s constant. Equations (B17)
and (B19a) give us approximations with an accuracy bet-
ter than 5 % for small and large η, i.e. outside the region
η = 0.7÷ 4, for round beams at zero beam axis displace-
ment.
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